ROCKING STIFFNESS OF ARBITRARILY SHAPED
EMBEDDED FOUNDATIONS

By E. Hatzikonstantinou,' John L. Tassoulas,” George Gazetas,”
Panos K * and Martha *

AssTRACT: A simple procedure to compute the static and dynamic rocking stiff-
ness of arbitrarily shaped rigid foundations embedded in a reasonably deep and
homogeneous soil deposit is developed. The method is based on an improved un-
derstanding of the physics of the problem, substantiated by the results of extensive
tigorous parametric studies using the boundary element method, and including an-
alytical and numerical results available in the literature. Analytical expressions and
dimensionless graphs arc developed, applicable to both saturated and unsaturated
soils, a variety of basemat shapes, and a wide range of embedment depths and
types of contact between the vertical sidewalls and the surrounding soil. A nu-
merical example illustrates the applicability of the method, while a companion
paper (Fotopoulou ct al. 1989) presents a simple method for determining the ra-
diation damping of embedded foundations.

INTRODUCTION

Determining the response of embedded foundations to rocking static or
dynamic loads is a problem of great interest to geotechnical engineers. Such
loading arises when ions support jected to lateral forces
due to wind, water, and earth pressure, and when they are exposed to the
dynamic effects of k induced vibrati and impact mo-
ments. Rocking is usually the most critical mode of oscillation for a foun-
dation, since it is often associated with very small radiation damping, and
since it may generate detrimental deformations under the edges of shallow
foundations (“humping”).

A number of solutions has been reported in the literature (Beredugo and
Novak 1972; Day 1977; Dominquez and Roesset 1978; Gazetas et al. 1987;
Gazetas and Tassoulas 1987a, 1987b; Haritos and Keer 1980; Johnson et al.
1975; Kausel and Roesset 1975; Pais and Kausel 1985; Wolf 1985) for the
static as well as the steady-state harmonic response of fully embedded pris-
matic foundations. Most of them (for embedded geometries) refer to cylin-
drical and strip foundations; only Dominiquez and Roesset (1978) and Pais
and Kausel (1985) provide rigorous results for the response of rectangular
foundations with an aspect ratio equal to two. Therefore, when analyzing
foundations of noncircular base shapes, the engincer must approximate the
actual mat shape by a circle of the same area moment of inertia. However,
the validity of this imation is i pecially with long foun-
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dations. , most of the it solutions assume the vertical
sidewalls of the foundation and the surrounding soil to be in perfect (“welded”)
contact. In reality, net tensile stresses cannot be sustained at the soil-foun-
dation interface, and the magnitude of interface shear tractions is limited by
Coulomb’s friction law. Thus, separation and sliding are likely to occur.
In this paper, an efficient boundary element formulation [see Gazetas and
Tassoulas (1987a) and Tassoulas (1987) for details] is used in a compre-
hens\ve and systemauc parametric study of the rocking response of rigid
bedded in an elastic hal Results are p mainly
for rectangular base shapes of aspect ratio L/B up to ten, a wide range of
embedment depths D/B up to two, three values of Poisson’s ratio, and the
frequency range of greatest practical interest (@, < 2). Results are also ob-
tained for foundations with T-shaped basemats. Moreover, in every case,
the height d of the vertical sidewalls is varied between the extremes of 0
and D, the former representing foundations placed in a trench with no
sidewall-backfill contact, and the latter corresponding to the usually studied,
but not necessanly more realistic, case of fully embedded foundations with
kfill contact th the embed depth. Fig. 1

lists the cases studied.

The results of this study, as well as available pertinent results from the
aforementioned literature, have been systematically organized and cast in the
form of simple algebraic formulas and dimensionless graphs. Such infor-
mation can be used in practice even for cases involving base shapes and
types of contact other than those specifically considered in this paper, as
illustrated with a numerical example.

This paper, which concems rocking static/dynamic stiffnesses, and the
companion paper (Fotopoulou et al. 1989) which concerns rocking radiation
dampmg of embedd: i ion of the work reported
in Dobry and Gazetas (1986), Gaze(as e( al. (1987), and Gazetas and Tas-
soulas (1987a, 1987b), which studied, respectively, the response in all modes
of arbitrarily shaped surface foundations (Dobry and Gazetas 1986), the ver-
tical response of arbitrarily shaped embedded foundations (Gazetas et al.
1987), and the horizontal (swaying) stiffness and damping of arbitrarily shaped
embedded foundations (Gazetas and Tassoulas 1987a, 1987b).

PROBLEM STATEMENT

A massless rigid foundation consists of a horizontal basemat of arbitrary
solid shape located at a depth D below the ground surface and of a vertical
sidewall which may cn_]oy any degree of contact with the surrounding soil
(Fig. 2). The is to dy vibration by a harmonic
moment about the x- or y-axis, M = M, exp (iwf), having amplitude M, and
circular frequency w. Static loading is treated as the special case of w = 0.
We seck to estimate the steady -state harmomc rotanon 8 = 8, exp (iwr),
about the x- or y-axis, resp ly. The that will
inevitably arise upon horizontal loading, being usually (but not always) sec-
ondary, is not studied in this paper.

The soil is assumed to be a elastic a choice
stemming from the need to keep the number of independent problem param-
eters to a minimum, while trying to understand and quantify the role of
partial embedment and of basemat shape.
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section

Homogenous Hal fspace
Shear Modulus: G
Poisson's ratio: v
Mass density:

FIG. 2. Problem Geometry and Loading

Due to the presence of radiation damping in the system, M is generally
out of phase with 6. It has become traditional to introduce complex notation
and to express the response through the dynamic moment-rotation ratio

2 M
R4 J0C, = 5 o ()

R, (.e., K, or K,) = the rocking dynamic stiffness; and C, (i.c., CorCy)
= the rocking radiation damping coefficient of the soil-foundation system
(with respect to the x- or y-axis, respectively). K, and C, are both functions
of the frequency . It is convenient to express K(w) as the product of the
static stiffness K, times a dynamic stiffness coefficient k{w) as follows:

Ri@) = Ky k@) oo

This paper presents information about K, (i.e., K and K,;) and k(w) [i.e.,
k{w) and k,(w)], while the companion paper develops a simple physical
method for C,(w) [i.e., Cn(w) and Ch@)].

STATIC STIFFNESS OF SURFACE FOUNDATIONS

For a surface foundation of arbitrary solid shape, the rocking static stiff-
ness K, .. for moment about the lateral axis y is always greatex than the
stiffness Kix,.. for moment about the itudinal axis x. For i of
different shapes, Dobry and Gazetas (1986) have found that the dimension-
less parameters

B0
a-v I Kvsur
DO e e

G




can be uniquely related to the foundation aspect ratio L/B, where 2L and
2B = the length and width of the rectangle circumscribed to the basemat
surface, as shown in Fig. 2 (L > B); I, and I,,, = the area moment of inertia
of the basemat; and G and v = the shear modulus and Poisson’s ratio of the

1 pectively. Note that the results are not sensitive to
the exact circumscribed rectangle.

The dependence of S, and S,, on B/L is shown in Fig. 3. The data points
of Dobry and Gazetas (1986) ined from publi: rigorous solutions by
several researchers) have been augmented in Fig. 3 with the boundary ele-
ment results of the present study. The “equivalent circle” approximation pre-
dicts S, = 3.2B/L and S,, = 3.2; their agreement with the numerical data,

which is very good for the square, the circle, and the short rectangles, de-
teriorates for longer shapes. On the other hand, the following equally simple
expressions fit the data points reasonably well for 0 < B/L <'1

. (4a)

Thus, combining Eqs. 3 and 4 leads to the following expressions for the
static rotational stiffnesses of a surface foundation:

. (5a)

. (5b)

EFFECTS OF EMBEDMENT ON STATIC STIFFNESS

There are three possible effects of embedment on the rocking static stiff-
ness of a rigid foundation. First, in practice, a foundation mat placed at a
depth D below the ground surface transmits the load to a soil that is deeper
and, therefore, different than the soil affected by a similar surface founda-
tion. Thus, other things being equal, a greater D implies, in general, a some-
what different stiffness. This important effect of embedment is not further
addressed herein. However, when applying the proposed method to a prac-
tical situation, the engineer must first ensure that the soil deposit is indeed
reasonably homogeneous and relatively deep and, second, establish a rep-
resentative value of soil modulus for the particular depth of embedment.

The other two effects that modify the behavior of embedded foundations
and are addressed in this paper are referred to as the “trench” effect and the
“sidewall-contact” effect, using the terminology introduced in Gazetas et al.
(1987). These two effects are explained with the aid of Fig. 4.

The trench effect stems from the fact that even in a perfectly homogeneous
halfspace, the rotation of a foundation placed at the bottom of an open trench
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FIG. Effects of on Rocking Static Stiff-
nesa (a) Surface Foundation; (b) Founamon in Trench; (c) Fully Embedded Foun-
datl

is smaller than that of the same foundation on the ground surface. To un-
derstand why, visualize a horizontal plane surface passing through the base.
In the case of the surface foundation, this plane deforms free of any external
stress, while for the embedded foundation, normal and shear stresses from
the overlying soil seem to restrict its movement (Fig. 4), thereby increasing
the foundation stiffnesses from X, ,,, to K. and from X, ,,, to K, .. One
could write Kye = Ksulmare a0d Kpyire = Koyl

However, careful examination of all the data Shows that the trench effect
is rather insignificant in the case of rocking and T, = I, may be as-
sumed equal to one for practical applications. In addition to the numerical
data, Erden’s (1984) experimental work also supports this outcome. By con-
trast, the trench effect had been found to be appreciable for vertical and

Towar 8 - [
g ' 8f 1 ]
H ° ° a
7] ¢ 4 - 7 ) +
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= =
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4 e 9 4
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FIG. 5. Compilation of Numerical Data for Sidewall Contact Effect on Rocking
Stiffness about x (Left) or y (Right) Axis
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horizontal loading (Gazetas et al. 1987, Gazetas and Tassoulas 1987a).

On the other hand, the increase in rocking stiffness due to full embedment
is very large, as both theory and experiment indicate. The sidewall-contact
effect arises from the fact that, when the vertical sidewalls of an embedded
foundation are in contact with the surrounding soil, part of the applied load
is transmitted to the ground through normal and shear tractions acting on the
vertical sides, thereby increasing the foundation stiffness about x and y by
a factor Iy and T, .., respectively.

Careful examination of the data points shown in Fig. 5 leads to the fol-
lowing conclusions:

1. Both factors, Iy .y and Ty .0 may reach very high values, depending on
the relative depth of embedment and foundation geometry.

2. Poisson’s ratio v has no measurable effect on the value of either of the I'-
factors.

3. For a given basemat, both T, .y and T, .. depend on d, D, B and L in
a complicated way. By trial and error, it is found that an excellent correlation
exists between each of them and the dimensionless parameters L/B, D/B, and
d/D. Indeed, the scatter of data points in Fig. 6 around the curves

02, 05
K, d d{D B
Do = s+ 1262 [1 +E(E) (Z) ] .................. (6a)

06 19, |06
d
I‘W.MZKKW ~1+ o,gz(ﬁ) [1.5 + <Z> (g) ] ............... (6b)

is negligibly small (less than 10%) and independent of basemat shape.
Notice that these two expressions are best fits, which for L = B yield values
that are not identical but differ by not more than a negligible 5%.

The rocking stiffnesses X, and K,, of a partially or fully embedded foun-
dation can thus be computed from those of the corresponding surface foun-
dations (Eqs. 5) after multiplication by the I'ys e and I, factors of Eq.
6, respectively.

DyNamic STIFFNESS COEFFICIENTS

Surface Foundation

ree dimensionless parameters have been found to influence the rocking
stiffness coefficients, k.. and k,,, of a rigid mat on an elastic halfspace: the
frequency factor a, = wB/V,; the aspect ratio L/B of the circumscribed rect-
angle; and Poisson’s ratio v. Fig. 7 shows the numerical results on the vari-
ation of , and k,, versus ao, for two values of Poisson’s ratio, v = 0.40
and v = 0.49. The following trends deserve a note:

1. k, (for rocking around the long axis) decreases with ao but is essentially
independent of both L/B and v in the frequency range studied (g up to two).

2.k, (for rocking around the short axis) is only marginally influenced by L/
B and v with one exception: for very long and narrow footings, k., is sensitive
to variations in v, and when v = 0.50 (typical of saturated clays), the decrease
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FIG. 7. Surtace Foundations: Proposed Curves for Rocking Dynamic Stitfness
Coefficlents, &, and k,, versus Frequency

of k,, with frequency can be rather dramatic for L/B = 4.

3." The results for the ioned two T-shaped i (with aspect
ratios of the respective circumscribed rectangles L/B = 1 and 2), as well as
those for the circle (L/B = 1), practically coincide with the curves of Fig. 7 for
the corresponding value of L/B. This shows that the exact shape of foundation
mats that have the same L/B does not have any appreciable effect on ke or Ky
(additional evidence will be given in the sequel).

Partially and Fully Embedded Foundation

All the numerical data indicate that the depth and degree of embedment
have no substantial effect on either k. or k,,. Some typical results for fully
embedded foundations are shown in Fig. 8 for rectangles, and in Figs. 9
and 10 for the T-shaped foundations with L/B = 1 and 2 and for a circle.
It is evident that use of the pertinent curves proposed for surface foundations
in Fig. 7 would provide sufficient accuracy for embedment depth ratios up
to at least two. This conclusion is also valid for foundations placed in an
open trench, as well as for partially embedded foundations with d/D be-
tween zero and one.
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sults) Can Be Approximately Taken as Equal to that of Corresponding Surface
Foundation (Dashed Lines)

It is worth reemphasizing the significant message in Fig. 9: an arbitrarily
shaped embedded foundation has about the same £, and k, as the circum-
scribed rectangular surface foundation.

ExampLE—C ON WITH EQUIVALENT
CIRCLE APPROXIMATION

The developed method is applied to obtain estimates of the dynamic stiff-
nesses K., and K,, for the embedded foundation shown in Fig. 11.
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Eq. 5a gives for the static surface stiffness about the x-axis

74 1
Ko = ————= X (20341)°™ X () (2.4 +0.5 % —)
1-0.38 2
2 6.4 X 10T MN T« eeeeneeannennenemnn st (@l
The sidewall effect is determined from Eq. 6a
02 o5
6.6 66 (11 1
Cpepar = 1+ 1.26 X — X | 1+ —= X (—) X (-) ]== 226 ..t (8)
10 10~ \6.6, 2,
and thus the static embedded stiffness about x is
K = Keesulrawan = 6.4 X 10° % 226~ 145 X 10°MN-m............ ©)

From Fig. 7(a), the dynamic stiffness coefficient for ao = 1.5 is
kn~0.75..




Foundation Geometric Parameters

L=20,3=10n
B=ila d=66n
I = 20.341 o

o o
1y = 71.700 o

ty = 19.54m, 2y =9.35m
o

Soil Parameters

G =74 MPa

b = 1.85 Mg/md

v = 0.38
Vg = 200 /s
FIG. 11. Example: y and Materlal
leading to a dynamic stiffness
K=Kk = 145X 10°X 075~ 109 X 1°MN-m ............. an
Similarly, one obtains for the stiffness about the y-axis:
3 x 74
Koaw = 1535 X 173007 X @°F = 174 X 1°MN-m ... 12)
' 660n 66'9 6670.6
I, =~1+092x|(—) x|1.5+|=) x[— ~1.79 . (13
kot (20) [ (zo) (n) ] i
Ky = 174X 10°X 1.79 = 31 X 1O MN"m ....coouinnnnnnn... (14)
Ky = 0,57 o (15)
Ky=31X10°X0.57=17.6 MN M .......00ovvvrrnrnnnnnnnnnnns (16)

Equivalent Circle Approximation

Equating respective arca-moments of inertia, one obtains the radii of the
equivalent circles for rocking about x and y:

e
4,

R = ("“) S 1268 Mttt an
Anae

L (B I 18)
-

The static stiffnesses of the i
Gazetas 1986; Veletsos and Wei 1971)

8GR} 8 X 74 x 12.68°
= — ~65X10°MN-m............. (19
31-v 3x(1-038)

K =
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TABLE 1. Summary of Results of Numerical Example—Comparison with Equiv-
alent Circle

Dynamic
Stifinesses of
Surace Static Embedded
Stitinesses Sidewall-Soil | Dynamic Stifiness |  Foundation
Method of (10° MN-m) Contact Factors Coefficients (10° MN-m)
analysis

m

circl
approximation

8GR} 8 x 74 % 17.38 "
=2 E T <17 x 10°MN'm .
3(1-v) 3x(-038)

Ky =

The sidewall contact factors, %, o and I‘?,_,,,,u, are estimated from Eqgs. 6

) 6.6 66 TV g
Lewan = 1 + 126 X X|1+——x\|—= x 1°5|=2.03 ... 2D
12.68 12.68 6.6,

o 6.6\
I war = 1 +0.92 %X | —
17.38

66\ (11}
X [1.5 + (——) x (—-) ]z 1 BB e e e oo s elore e el e fatater s olo 22
17.38 6.6,

Thus, the static stiffnesses of the embedded “equivalent” circular founda-
tions are

K% =6.5x10°x2.03 =132 X 10° MN-m

KY =17 x 10° x 1.88 =~ 32 X TOPMN m..wnnnieeeens

The dimensionless frequency factors of the two “equivalent” circles are

For the aq, value, Fig. 7(a) gives the dynamic stiffness coefficient

The value of d,, 2.6, is beyond the frequency range covered in Fig. 7, and
one must resort to the published solution for the circular foundation (Dobry
and Gazetas 1986; Veletsos and Wei 1971) to obtain




(invoking our finding that, in rocking, a surface and an embedded foundation
have about the same dynamic stiffness coefficient).

Finally, the dynamic stiffnesses of the “equivalent” circular embedded
foundation are

=S132X 1P X0.6~79XI0°MN-mM ....oooveieiiinns 29)
=32 X 10°X0.55=~17.6 X IO MN "I ....oevenerinannannns (30)

Table 1 compares the results of the melhod developed in this paper with
those of the equival The largest , of about
30%, pertains to the dynamxc stiffnesses about the x-axis. By conlrast the
stiffnesses about y are practically identical. Note, however, that the dis-
crepancies between these two procedures tend to increase with increasing
aspect ratio, especially for soils whose Poisson’s ratio approaches 0.50 (sat-
urated fine soils).

CoNcLusioN

Using numerical data obtamed with a boundary clcmen[ formuluuon the
paper has P ) and

charts for estimating mexpensnvcly and rehably the static and dynamlc rock-
ing stiffnesses of rigid ina

These results may apply to foundations having an arbitrary (but solid) base-
mat shape and vertical sidewalls that may only partially (i.., over a limited
height) be effective in transmitting loads into the surrounding soil.
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